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Wave forces on a submerged vertical plate
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SUMMARY

A vertical plate of finite length and depth is attacked by gravity waves in water of finite depth. The forces and moments
acting on the plate are computed by using the theory of linearized waves. The forces depend on three dimensionless
parameters combining the draft, length, water depth and wave length and on the angle of attack. The problem is
reduced to the solution of two infinite linear systems of equations. Numerical solutions are presented for different
particular combinations of the parameter values. In most of the cases the standing wave approximation yields sufficient-
ly accurate results. )

1. Imtroduction

Gravity waves acting on ships and other floating bodies induce forces and moments which set
them in motion. Computing the magnitude of the forces is a necessary step in order to determine
the body motion as well the structure strength. In the usual engineering approach (Blagovesh-
chensky [2]) the forces are computed with neglect of scattering, and other additional simplifying
assumptions are used. More advanced solutions are based on a slender-body approximation
(Newman, [9]).

In the present work we compute the forces induced by a monochromatic wave approaching
from infinity and impinging upon a rectangular vertical plate in water of finite depth. No
approximations are involved excepting the usual linearization of the surface condition.
Although the plate is a body of a highly schematized shape, the information obtained in this
case is valuable for validating different approximate engineering approaches.

The present study is an extension of the similar, but much simpler, solutions obtained for
cylinders of circular cross-section (Black, Mei and Bray [ 1] and Garrett [4]). The essence of the
method, like in the simpler case, is the using of elliptical coordinates r, 8, z (Fig. 1) such that the
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Figure 1. The elliptical cylinder: (a) view, (b) cross-section.
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236 M. Stiassnie, G. Dagan

body plane contour becomes r = R = const. We start with the more general problem of a vertical
elliptical cylinder, which degenerates into a plate as the ratio of lengths of the axis tends to zero.

2. Formulation of the mathematical problem

2.1. General equations

Elliptical coordinates (Fig. 1) are related to cartesian coordinates as follows

x={(I/2)coshrcos O, 0r<ow, 0£60<2n) (1a)
— (I/2) sinh r sin 6 (1b)
z=1z, (Lc)

These are used in the sequel.
Under the assumption of linearized irrotational gravity waves, the velocity potential

P(x,y,2,t) = p(x, y, z)e*" 2
satisfies Laplace equation in the flow domain
V=0 (3)

and the free-surface equation
2
¢,Z—%¢=o (r >R, z=0) @)

« being the frequency.
The boundary condition at the bottom is

$.=0 (z=-h) (5)
while on the body surface we have '

$,=0 (r=R, —H<:z<0) (6a)

¢,=0 (r<R,z=~H). (6b)
As usual the potential is represented as the sum

¢=¢'+¢° (7)

of the potentials of the incident and the scattered waves, respectively. The solution is rendered
unique by imposing upon ¢*° the radiation condition.
¢' has the following expression

1 ga fl(Z) lk1p
o= o f(0 ) (8a)
where
p=xcos f+y sin f (8b)
filz) =2% cosh [k, (z+h)]/[h+(g/w?) sinh?(k, h) ]* (8¢c)

and a and k, are the amplitude and the wave number of the incident wave, respectively.
According to McLachlan [ 5] ¢' may be expressed in terms of elliptical coordinates as follows

# =000 T (Cernlreas) cennlf a,) cesn0 02) panla)

+SeZm+2(r’ ql) SeZm+2 (ﬁ? ql) S62m+2 (97 91)/52m+2(‘11)+
+i[Ceyppy o (1, d1) Ceom1 (B, 41) Cerms 1 (0, ‘11)/P2m+1‘(‘11)+
+Semes (r, ‘11) S€2pm+1 (B, ‘11) S€2m+1 (9, ‘11)/52m+1(‘11)]} (9)
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Wave forces on a submerged vertical plate 237

where g, =(3k,)% 1is the body length (Fig. 1) and Se, Ce, se and ce are Mathieu functions
(Appendix 1).

2.1. Thin body expansion

Rather than pursue the general problem of the elliptical cylinder, we consider the case of a thin
body and expand ¢ as follows

¢ ="+ ¢5+0,(R)P5+... (10)

where R = o(1) and 8§, = o(1).
Substituting ¢ from (10) into (3), (4), (5), and (6) and expanding for r=R, we find that ¢},
satisfies the following equations

Ve =0 (-h<z<0) (11a)
05— (@*/9)p5=0  (r>0,z=0) (11b)

$.=0 (z=—h) (11c)
05, = — ', (r=0, —H< z< 0) (11d)

It is readily seen that by linearization the body boundary conditions are transferred from
r=R to r=0 and ¢} is the potential of the waves scattered by a vertical plate.
¢ satisfies the same equations as ¢, expecting (11d) which becomes

sl,r= _¢I,rr_¢i),rr (7‘:0, —H< Z<O) (12)
while §,(R)=R.

3. The solution of ¢§

Following the usual procedure of separation of variables ¢} is expressed as

4= 2()0/(0)R() (13)

Egs. (11a), (13) yield for Z, ©, R (Moon and Spencer, [6])
Z"—(16a/12)Z =0 (14a)
0" +(5,,—2a cos 20)0 =0 (14b)
R"~(8,,—2a cosh 2r)R =0 (14¢)

where §,, are eigenvalues (Appendix 1). The general solution of ¢}, satisfying (11a,b,c) and the
radiation condition, is given by

8= 3 (BRAGMAr.q)cenlt )+

+

b:fmfn(z) Fekm(r’ _qn) cey (03 —qn)} +

+

DMs D8

{bmi [1 (Z) Nei,.“(h q1)sen(0, q,) +

bmnfn(z) Gekm(r= - qn) Sem(67 - qn)} (15)

oy

+
& 5

n=2
where b , b, are unknown coefficients and Me"), Ne'), Fek Gek, ce se, are Mathieu functions
(Appendix 1). The function f; (z) is given by (8c), while f,(z) (1=2, 3, ...) are normalized eigen-
functions

fule) =2* cos[(4g3/1)(z+h) ]/ [h—(g/*) sin® (4g3 /1) ¥ (16)
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with g, (n=1, 2, 3, ...) satisfying the following transcendental equations

(4qi/D)th [4g3/D)h] = w?/g (172)
(@qi/Dtg[4qi/Dh] = —w*/g, (n=2,3,..) (17b)

The unknown coefficients in (15) have to be determined with the aid of (11d) and from the
requirement of continuity beneath the plate

d5(r, 0, 2) = 3 (r, — 0, z) (r=0, —h< z< —H) (18a)
G5, 0,2)= =% ,(r, —0,2). (r=0, —h<z< —H) (18b)

Since most of the wave energy is concentrated in the vicinity of the free surface, it is con-
venient to represent ¢§ as

=¢+¢ (19)

where ¢ is the potential of the waves scattered by a plate penetrating through the whole water
depth. Hence ¢ satisfies the following body condition.

$.,=—9¢'.. (r=0,-h<z<0) v (20)

A similar problem has been solved by Morse and Rubinstein [ 7] in the case of scattering of
electromagnetic waves. Using their solution it is easy to ascertain that ¢ has the following
expression

2 mNeD(r, q)se, (0, q,) (1)

where b,,; are known coefficients given in Appendix1. The potential ¢ satisfies at r=0 the
following boundary conditions [see (20}]:

$,0,0,2)= 4,00, -0, 2) (—h<z< —H) (22a)
$,0,0,2)=0 (-H<z<0) (22b)
$(0,0,2)~$0, —0,2)= ¢, —0,2)—$(0,0,2). (—h<z< —H) (22¢)

¢ may be regarded as the potential of the flow generated by a wavemaker beneath the plate
which cancels the velocity potential discontinuity associated with ¢. The velocity distribution
at the “wavemaker” is selected as an unknown function represented by the following double
series

¢,r =

t s=1

$,=0. (r=0, —H<z<0) (23b)

By retaining in (23a) only odd functions of 6, Eq. (22a)is satisfied identically. The orthonormal
set F,(z) is given by

(@)=(h—H)"? (24a)

F,(z)=[2/(h—H)Fcos[(n—)m(h+2)/(h—H)], (=23, ..) (24b)

so that (11c) is satisfied. The constants U,; are unknown coefficients to be determined with the

aid of (22¢). The potential ¢ may be represented again in the whole flow domain by a series
similar to that of (15), retaining only odd functions of 6, as follows:

U F(z)sintd  (r=0, —h<z< —H) (23a)

™8
18

I
—

2 {bmlfl NeQ (r, q4) se,, (6, q.)+

+ Z Boun J(2) Gk (r, —g,) 56, (0, —q,)} - (25)

The following relationships between b,,,in (25) and the “wavemaker” coefficients U, in (23a)
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Wave forces on a submerged vertical plate 239

are found by differentiating ¢ (25), setting r=0 and identifying with ¢ , in (23a,b):

E(2m+ n1L = N_e(zm t;io s;il Upis 1ys P15 B3 (00) (26a)
E(2m+2)1 = m t;io 5:21 Ui+ 2)sP1sB%;"++22 (91) (26b)
B(2m+ Hn = Gely .- 11(0’ ) tzi) s§1 Uze+ 1ys Pus (= 1)" " 437571 (90) (26¢)
Boamsom = G o= 2y 2, Uare Pl 1 B0 (264)

where P, (n=1,2, ...; s=1,2, ...), B/*(q) A7'(q) are known coefficients defined in Appendix 1.
The only unknown coefficients U, satisfy the equations derived from (22¢) by using the eigen-
functions of ¢ , from (23a)

r"de sin 10 s::l dzF,(2){[$(0, 6, 2)+ (0,6, 2)]—[6(0, =, 2)+ $(0, —6,2)]} =0
’ (t=12..5¢y=12.) (27)

Substituting ¢ from (21) and ¢ from (25) in (27) and using (26), we finally obtain after some
algebraic manipulations the following infinite systems of linear equations for U,:

Z Z U(2t+i)sD§%§iBf = D(Zﬁ—l)wo (‘C = 0’ 1) e l/J = 1’ 2’ ) (283)
t=0 s=1
@
Y Y Upiy 2 DEiT3 = D20, (t=0,1,..;¢=12,..) (28b)
t=0 s=1

where the coefficients D and D™, which are expressed in terms of known quantities, are given
in Appendix 1.

Concluding, the original problem for ¢ has been reduced to the solution of the infinite
systems of Egs. (28).

Once these systems are solved, U, are substituted in (26) to obtain ¢ which added to ¢ (21)
yields ¢} . The systems (28) have been solved numerically by taking only a finite number of
terms. Unfortunately the convergence of the partial solution towards the exact one could not be
proved rigorously because of the complex structure of the coefficients of (28). Instead the
number of equations has been gradually increased until the values of U, as well as those of the
forces, became practically constant. Since this constancy was reached quite rapidly by using a
relatively small number of terms, it was concluded that the system is well behaved, at least in
the range of values of parameters considered here. This conclusion has been strengthened by
the good agreement between the present computations and other known solutions for some
particular cases (see Section 6).

The numerical procedure and the practical convergence test are discussed in some detail
in Appendix 2.

It is worthwhile to point out that the splitting of ¢3 in the two components ¢ and ¢ and the
representation of ¢ in terms of the wavemakers coefficients U,, improve significantly the
convergence of the solution of the resulting infinite systems.

4. Forces acting on the elliptical cylinder

The linearized pressure P acting on the surface of the body is given by
P=y+ ’-‘;ﬂ e~ [¢1(0, 6, 2)+ 930, 0, 2)+ O(R)]

where y is the specific weight of the fluid.
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240 M. Stiassnie, G. Dagan

The expressions for the various forces and moments are found by integrating the pressure on
the body surface

o]

l 2n
F, = —sinhRJ J dzdf P(R, 0, z) cos 0 =
2 HYo

H —iwt 0 2n
- %{ R j j dzd0¢$\(0, 0, z) cos 0+ o(RZ)} , (29a)
2g -HJ O

1 0 2r
F, = 3 cosh R J—H J dzdOP(R, 0, z) sin 6 =

0

» — it 0 2
_ lople™™ “ j dzd0 ¢3(0, 0, z) sin 0+ O(R) } (29b)
2 ]
2 (R (2 HI? sinh 2R
Fl = ’-J drdOP(r, 0, —H)sin2g = /- SD1ET 4
21610 8
: 2 ,—iwt 2
18’?’76_~{R J d6¢'(0, 0, — H) sin29+0(R2)}, (29¢)
g o

2

0 27 R 27
f dzdf P(R,0,z)zsinf + IZJ j drd0 P(r,0, —H)y sin*0 =
0 0“0

M, = %coshR ij
_ 2wye

= iwt 0 2n
{ - j j dzd0 $3 (0, 6, z)z sin 0+ O(R) }, (29d)
2g ~HY0

0 2n 12 R 2z )
M, = %sinhRJ f dszP(R,G,z)zcosﬂ—ZJ f drd0P(r,0, —~ H)x sin*0 =
—H 0

Q Q

H —iwt 0 27
=%—{R['[ J dzd0¢'(0,0,z)zcos 6 —
29 Y-HY0
2 2r
. [ d0¢1(0,9,—H)cosEisin29} FORY , (29)
0 .
ll 0 2n

M;:-[ J dzd0P(R, 6, z) sin 20 =
8 ' ulo

ia)ye—iwt

= {j; rn dzd05(0, 6, 2) sin 20+O(R)}. (299)

0

In deriving (29a)-(29f) advantage was taken of the fact that ¢*(0, 6, z) in (9) and ¢§(0, 6, z) in
(15) are even and odd functions of 6, respectively.

Egs. (292, 29¢, 29¢) show that the first approximations of F,, F;, M, of order R result from the
integration of the pressure induced by the incident wave solely over the body surface. The
simple computation of these components is not pursued here. ‘

The other three forces, the lateral ones, F,, M,, M, in (29b, 294, 29f) depend in the first order
only on the scattered wave and are determined by the pressure distribution on the equivalent
plate.

Writing down the complete solution of ¢} as

[<¢}

b= 846 = 3 { buhENG (6 0)sen0.0,)+

m=1

+ 3 bunfue)Gekulr, —an)sen 0. —0,) | 30
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where b,,,=b,,,+b,,, 2are known constants, we obtain by integrating in (29)

£yl Tw
F == b4 = — (1) "
15l yalH 2agHm=;3’5{bm1L1Nem (0, 4,) BT(g,)+

Q

© S byl Gekn(0, —q,.)(—l)w-WAa"(qn)}, (31a)

n=2,3...

blelNeﬁ,})(O, ‘11)3'{'(‘11)4“

| M, w d
M = = ————
M= al? = 2agi? 2:{

+ X b,..nKnGek,,.(O,—qn)(—l)‘“'””AT(q,.)}, (31b)

n=2,3...
’Ml MW b
M| =—5- = W m
M yaH  8agH m=;,4,6{me1Ne"' (0. 4,) B3 (1) +
+ Z bnan Gekm(o’ q")(__l)(m~2)/2B;;(q")} , (310)
n=23...
where

0 0
L,= J fi(z)dz and K, = J' zf,(2)dz .
—-H ~H
Again, the values of the forces depend ultimately on the coefficients U,, in (28).
5. The small wave length limit (geometrical optics)

It turns out (Seétion 6) that an useful approximation for the forces is obtained at the limit of
small wave length A as compared to H and I At this limit the incident wave is just reflected by
the plate. Hence ¢ has the following expressions

$p=0 if ycotf—1l/2<x< ycotf+l/2, y>0; (32a)
b= % %e_im [ coos B ysing) ik (eosp=ysing) ] (32b)
if —ycotp—I12< x<ycotf+1/2, y<0;

p=¢'= —‘Z—f J%%—; g tot e"’“"‘A“sﬂ +ysin ) olsewhere . (32¢)

¢ of (32b) represents a standing wave in front of the plate. The forces acting on the plate,
originating from the standing waves at the upstream face, are found by using (29) as follows:
2|sin[(l/A)mcos B]| sinh[(h/4)2n]—sinh[(h/A—H/A)2x]
(I/A)m cos B (H/2) 2r cosh [ (h/4)27] ’
2[sin 7 cos B(I/A)]| {(2nh/i) sinh (2rh/A)— cosh (2rh/A)
(I/A)m cos B (2rH/A)*cosh (2nh/A)
2n(h/i— H/A)sinh [2n(h/A— H/4)]—cosh [2n(h/A—H/4)]
B (2nH/A)*cosh (2mh/A)
(2mh/A)sinh [2r(h/A— H/A)] —(2nh/A)sinh (27h/ 2)
B (2rH /2)% cosh (2rh/2) }
|(1/A)7 cos B cos [ (I/A)m cos B]—sin [ (I/A)7 cos B]]
[(I/4)r cos B]*
_sinh [ (h/4)2n] —sinh [ (h/4)— H/4)2x]
(H/2)2m cosh [ (h/A)2x]

|F,} = (33a)

| M| =

(33b)

IM,| =

"~ (33¢)
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6. Discussion of numerical results
6.1. General

The lateral forces and moments (31a,b,c) acting on.the body depend on four dimensionless
parameters: the draft/length ratio H/I, the depth/length ratio h/l, the incident wave length/
length ratio A/l and the angle of attack B.

Because of the multitude of parameters and the tedious numerical computations, the forces
have been computed only for a few particular combinations of the parameter values. Generally,
threc of the parameters have been kept constant, and the remaining one assigned various values.

The different stages of the numerical computations which ultimately yielded the values of
U,,in (28) and of the forces, as well as a sample of the numerical convergence, are given in detail
in Appendix 2. ‘

It is worthwhile mentioning that the forces (31) have been made dimensionless with respect
to hydrostatical forces acting on a body of finite beam. The magnitude of the forces reflects,
therefore, the role played by the dynamical wave effect.

6.2. The influence of the wave length

Three parameters have been kept fixed: H/I=0.1, h/1=0.2 and B=90°. The draft/wavelength
ratio H/Ahas been taken equal to 0.1,0.2and 0.5 (i.e., i/ 4=0.2,0.4,1 and I/A=1, 2, 5respective-
ly). These are, therefore, typical cases of waves in water of finite depth up to deep water and of
waves of moderate to short length as compared with . The ratio H/h=0.5 is not particularly
significant, since the wave energy is concentrated mostly in the upper zone of the flow domain.

The computed values of |F,| and | M, | in (31a,b) are represented in Fig. 2. On the same figure
we have represented the forces computed by Black, Mei and Bray [1] in the case of an infinite
strip (I o0), i.e. of two-dimensional flow. To adopt the latter values in the case of a finite [ is
somehow tantamount to using a “strip” theory. In addition, the forces based on the standing
wave approximation (33 a,b) have been also represented in Fig. 2.

o Egs. 312 31b

i~ Black et al. (1971)

I L,

Standing wave approximation { Egs. 33a,33b)

20

V4

1.6

12 N
/
~.

S
\
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* C m———

0 I 1 | L Sl

-

VA

0.4

~
\

(] a2 03 04 os H/\

Figure 2. The influence of H/2 on the lateral wave forces |F,| and | M, for h/1=0.2, H/I=0.1 and §=90°.

In most of the range investigated here, say for H/4 >0.15, the solution is in excellent agree-
ment with the two-dimensional solution. Consequently, the influence of the edge refraction is
small. Morepver, the simple short wave length approximation is also very close to the present
solution, even in the range 0.1< H/A< 0.15. The range H/A< 0.1 has not been investigated
because of the numerical difficulties. This range, however, can be handled easier with the aid of
other approximate approaches, like those of slender body (Newman, [9]) or shallow water
(Tuck and Taylor [11]).

At the limit H/A—0 with G/h and H/I kept fixed (i.c. #/A—0 and I/1—0) the flow degenerates
into a streaming motion beneath a rigid wall. This case has been treated by Newman [1 0]. The
forces vanish for H/A=0, but the short wave approximation is then no more valid.
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6.3. The influence of the angle of artack

243

The influence of the variation of f upon the three lateral forces and moments has been studied

for two sets of values of the other parameters: 1/1=0.5, h/I=0.2, H/h=0.5 (Fig. 3)and 1/I=1,
h/1=0.2, H/h=0.5 (Fig. 4). The moment M, has been computed for easiness with H/h=1. In

Ing

o1

I, |

02

L7}
14

o8
0.6
o4
Q1

Y

e Eq 3¢
—Eq. 1c

® Eq.31b
—&q. 326

> I 1 1

® Eq. 32
—Eq. W2

J

L 30 a8 50 75

%

Boy

Figure 3. The influence of f§ on the lateral wave forces {F,| and [ M, for h/1=02, H/!=0.1 and A/1=0.5 and on | M,
for h/1=0.2, H/1=0.2 and 1/1=0.5.

]
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& Eq31c
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e £7. 33
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Figure 4. The influence of # on the lateral wave forces | F,| and |M,] for h/l=02, H/=0.1 and A/1=1, and on | M,}

for h/1=0.2, H/I=02 and 4/I=1.
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244 M. Stiassnie, G. Dagan

both Figs. 3 and 4 the forces computed with the aid of the small-wave-length approximation are
also represented.

In the first case of the smaller 1 (Fig. 3) the agreement between the present solution and the
standing wave approximation is very good for | F;| and | M,|. As for | M, | the difference is larger
because of the relatively large contribution of the pressure at the edges (29f).

The cancellation of | F,| and | M, | for =60 is just a result of the projection of the crests and
troughs of the standing waves upon the body surface.

In the case of the larger wave length (Fig. 4) the agreement between the present and the
standing wave solution is still fair.

In all cases | F,| and | M,| drop quite rapidly as f§ decreases from its maximum value of 90°.

6.4. The influence of the draft
We have taken 4/[=0.5, A/I=0.2 and $=90° and let H/h vary from H/h=1 (no bottom

clearance) to H/h=0.25 (Fig. 5). Again the solution is in excellent agreement with the standing-

I

w

@ Eq. 31b
oe — Eq. 33b

o \

° [th ase ars w H/h

Figure 5. The influence of H/h on the lateral wave forces |F,| and | M,| for h/1=0.2, 1/1=0.5 and f=90°.

wave solution. The dimensionless forces increase as H/h becomes small apparently because of
the uneven distribution of the wave energy with depth.

It is worthwhile to mention here that at the limit H/h=0, with 4/h and 1/l kept fixed, | F,| and
| M, ] are different from zero, although the numerical values obtained from the small-wave-length
approximation are probably not correct. Even a body of vanishing draft causes wave scattering
and F; and M, are proportional to H and H?, respectively for small H/h.

Again, the solution for smaller H/h than considered here can be approached by slender body
approximations.

6.5. The influence of the water depth

We have also checked the influence of the change of h// upon the forces in the range h/l=0.2to
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1.0 while keeping 4/1=0.5, H/I=0.1 and f=90". The values of the forces have been found to
vary as follows: | F,| = 1.13 to 0.96 and | M, | =0.46 to 0.39, respectively. The forces change only
slightly, because A4/h=2.5 to 0.5 corresponds to waves in almost deep water.

7. Conclusions

The lateral wave forces acting on a thin elliptical body have been computed by using the theory
of wave scattering without any additional approximation concerning the draft or the wave
length. The results are, therefore, particularly valuable in those ranges of the dimensionless
parameters of the problem in which other known approximations (slender body, shallow water)
are not sufficiently accurate.

The method used in the present work is too elaborate to be of a practical value for solving any
given particular case. Fortunately, the results show that for elongated bodies (say [/H > 10) and
for not too large wave lengths (say A/1< 1, A/ H < 10) the forces may be obtained quite accurately
from the simple approximation of standing waves.

In the case of large wave lengths other approximate methods can be used in order to obtain
the forces in a simpler way than the present method.

The wave forces are generally of the same order of magnitude as the hydrostatical forces and
they should be taken into account in any realistic computation of the body motion.

Appendix 1: Definition and computation of different coefficients and functions.

1. The parameter o in Mathieu equations (14) takes the values a=gq,;, —q, (=2, 3, ...) with
q, = (nl/24)* A1)

and q, g5, ... the solutions of the transcendental equation (17b), which has been solved
numerically.
2. The eigenvalues 6,,(g,) of Mathieu equation (14) have been partially taken from N.B.S. [8]
tables and computed for large g, with the aid of the asymptotic formula of McLachlan [5].
3. The different Mathieu functions (9), (15) have been computed by using the series given in
McLachlan [5], e.g.

S€ym+1(B: 41) Z B%:’":Il q,)sin [ (2r+1)f] (A.2)
Som m
S62m+1(R’ 41 = B22m111 Z ( %r:ll[Jr(vl)‘]r+1(v2)_‘]r’+l(vl)Jr(VZ)] (A-3)

where v, = g% exp(—R); v, =gq% exp (R).
The Fourier coefficients of the type B3™'!(q,) in (31) have been computed by using the
recursive formula given by Blanch {3].

4. The coefficients b, b* in (21) have been computed according to the following equations

b%* =b* =b,,= m=0,1,2,...; n=2,3..) (A.da)
_ 2agi
b(2m+1)1: - fg( )Sezm+1(0 q1)862m+1(ﬂ ‘11)/32m+1(‘11)N32m+1(0 ‘11)

1

(m=0,1,...) (A.4b)

_ 2a
b(2m+ n1L= o, ? ) Se2m+2(0 41) se2m+2(ﬁ ‘11)/52m+2(‘11)Nezm+2(0 41)

1

m=0,1,... (Adc)

the coefficients s,,(q,) being defined in McLachlan [5].
5. The coefficients of the linear systems (28) have the following expressions.
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E%iiiif = z {Pmpub B%t++11(511)B%T:11 (611)N‘32m+1(0,» ql)/Ne(Zln)l,‘i'l(O’ Ch)"‘

+

n

e

peTuY - Z 2iPy B37 (41) seam+ 1 (By q1) -

[Nezm+1(0 ‘11)/N‘32m+1(0’ ql)] I:Se,2m+1(0’ 41)/52m+1(‘h)] >

[eo}

ns nW ( )T+tA§:"++11 (qn)A%T:—ll (qn) Gek2m+ 1 (Oa - qn)/Gek’2m+ 1 (0’ - qn)} 5

(A.5a)

(A.5b)

D%%fi%’f = z {P1sP1lb B%;"++22(Q1)B%T:22(Q1)Ne2m+2(0=211)/Ne(21p3;;2(0?q1)+

+ z Pn'/’ tthB%:n:rzZ (Qn)B§T++22 (qn) .

Gekin2(0, ~4,)/ Gk 20, ~a,) . (A5
DY Z 2,P1.pB%'z"fz (41)seam+2(B, q1) -
[Nebn12(0,g;)/Neb's 200, 1)1 [Serms2(0 1)/ 53m+2(d1)] (A.5d)
In (A.5a)-(A.5d) P, are defined as
0 [2/(h—H)]*sin k,(h—H)
P,,=[ (2)F(z)dz = == S n=2,3.. (A6a
1 ~—Hf( ) 1( ) [—h—(g/a)z)k,,h]zk,, ( ) ( )
0 (—1p~1 k, sin[k,(h—H)]
P, = F.(2)dz = : e ,s=2,35...
= | RO = e R 535
(A.6b)
where K,,=(m—1)n/(h— H) and k,=4qZ/l. For n=1 k, should be replaced by ik;.
Appendix 2: The solution of the infinite linear system (28).
The system (28) has been truncated to a finite number of equations by taking a finite number of

terms in the “wavemaker” equation (23a). The far terms in (23a) represent high-frequency
components of the wavemaker motion and their influence is presumably negligible.

To check empirically the convergence of the solution of (28), the number of terms

has been

gradually increased until the solution became practically constant. As an example we give in

TABLE 1.

An example of coefficient convergence
for H/h=0.5, =90°, h/1=0.2 and 1/I=0.5

L, L, Re{U,} Im{U,} GC |F,]

10 2 1093 ~0.796 12196  1.1285

0 3 1.082 ~0.783 12150 11304

10 4 1076 —0.774 12111 11314

0 5 1.073 ~0.770 12092 11318
4 5 1067 -0.751 11801 - 1.1340
6 5 1.072 ~0.768 12071 1.1320
8 5 1072 —0.770 12092 1.1318

10 5 1073 —0.770 12092 11318

L,, L, are the number of functions of § and z, respectively, taken in (23a).
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Table 1 the changes of | F,| and U, from (31) and (28) as the number of terms in (28) is increased.
In the same table the global coefficient of energy scattering
2

w 1512
21a292 J‘S [(Poi dS ( )

is represented (S is an ellipse at t— o0).

The apparently good convergence of both |F,| and GC, which represent near and far field
quantities respectively, suggests that (28) is well behaved and may be approximated by a not
too large finite system. Generally, the number of terms necessary in order to obtain almost
constancy and monotoneity of the numerical results did not exceed 50.
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